A chiral extrapolation of the light vector meson masses in the up, down and strange quark masses of QCD is presented. We apply an effective chiral Lagrangian based on the hadrogenesis conjecture to QCD lattice ensembles of PACS-CS, QCDSF-UKQCD and HSC in the strict isospin limit. The leading orders low-energy constants are determined upon a global fit to the lattice data set. We use the pion and kaon masses as well as the size of the finite volume as lattice ensemble parameters only. The quark mass ratio on the various ensembles are then predicted in terms of our set of low-energy constants. An accurate reproduction of the vector meson masses and quark-mass ratios as provided by the lattice collaborations and the Particle Data Group (PDG) is achieved. Particular attention is paid to the ω − φ mixing phenomenon, which is demonstrated to show a strong quark mass dependence.
Introduction
What is the role of dynamical light vector mesons in low-energy QCD? In this work we wish to shed more light on this burning issue by a numerical application of the hadrogenesis Lagrangian to QCD lattice data on the masses of vector mesons at unphysical quark masses. The Lagrangian conjectures a particular role of the light vector mesons, which may be justified by a hidden scale in QCD that would arise in its large-N c limit [1, 2, 3] . In order to appreciate such a possibility the reader may consider chiral QCD with vanishing up, down and strange quark masses in this limit. Here the mass of the lightest meson state with J P = 0 − , 1 − defines a specific scale, Λ HG , of large-N c QCD. If that scale is large enough with Λ HG ∼ (2 − 3) GeV the light vector mesons could play that particular role in low-energy QCD. Such a scale separation is hidden, since it would be masked at the physical value of N c = 3, but be manifest at sufficiently large values of N c .
In a recent work some of the authors considered the hadrogenesis Lagrangian at the one-loop level and derived specific parameter correlations that makes the Lagrangian renormalizable order-by order in a computation of the vector meson masses [3] . This analysis relies on the large-N c assumption, where the chiral limit value of the vector meson masses, M ∼ N 0 c , is considered to be much smaller than the chiral symmetry breaking scale, 4πf ∼ √ N c . Since at the physical value N c = 3 such an assumption may cause poor convergence properties, a particular renormalization procedure was suggested that is supposed to accelerate the convergence properties by a systematic summation of terms proportional to (M/(4πf )) n . A further instrumental ingredient is the derivation of loop effects in terms of physical meson masses rather than bare masses as requested by formulations of conventional effective field theories [4, 5] . It was illustrated that renormalizationscale invariant results can be obtained upon a specific recast of the counter term contributions that then balance the scale dependence of the loop contributions [3] .
The quark-mass dependence of the light vector meson masses has been considered before in various works [6, 7, 8, 9, 10, 11, 12, 13] . We consider lattice data on meson masses from PACS-CS, QCDSF-UKQCD and HSC, [14, 15, 16, 17, 18, 19] . There is also a data set based on the mixed action approach of LHPC [20] . As we have demonstrated previously for the light baryon masses the LHPC results appear largely incompatible with corresponding results from further lattice groups, in particular from PACS-CS [4] . We confirm a similar pattern also in the vector meson sector and therefore do not consider the LHPC data set any further.
Chiral dynamics from the hadrogenesis Lagrangian
In the following we briefly recall the relevant terms of the hadrogensis Lagrangian [1, 2, 3] . It is formulated in terms of the anti-symmetric tensor field Φ µν that interpolate the light vector mesons together with the chiral building blocks U µ and χ ± that contain the fields of the Goldstone bosons Φ and the quark mass parameters of QCD. The covariant derivative is introduced with
where we recall
Note that as in [3] we do not yet consider the explicit effects of the η field [2] . The order of a given interaction term is determined in two steps. First we factor out a term 1/f A lower bound for the power-counting order of the vertex is then implied by the formal counting rule M ∼ D µ ∼ U µ ∼ Q and χ ± ∼ Q 2 . The renormalization condition may yet imply an increase for the formal power of the considered vertex [3] . For instance this was shown to be unavoidable for the symmetry breaking terms b n in (1). The latter can be considered consistently only if introduced at order Q 4 rather than Q 2 as one may expect naively. Similarly it is necessary to impose the two sum rules
at leading order in the power counting scheme. The parameter g 4 does not enter the vector meson masses at the one-loop order, however, it is anticipated that an extended one-loop analysis leads to the additional relation 4 g 4 = g 5 − h 2 2 /4. Once we insist on the relations (3) the parameters c 1−6 remain renormalization scale invariant. Moreover, the effect of the parameters g 1 and g 2 on the vector meson masses vanishes in the infinite volume limit identically. We note also that in (1) we consider all c n terms to be relevant at Q 4 despite the fact that the terms proportional to c 3,4,5,6 are suppressed by a factor 1/N c as compared to c 1,2 due to the presence of double flavour traces. Without that assumption it is not possible to arrive at a reproduction of the vector meson masses as provided by the various lattice groups.
Some of the low-energy parameters have been estimated before in [1, 2, 3 ] with
in terms of the chiral limit value of the pion and kaon decay constants f . The estimate for h 2 involves the φ − ω mixing angle, ω , evaluated at the on-shell ω meson mass as explained in [3] . For the remaining low-energy constants no significant estimates are available so far. Given the effective Lagrangian (1) it is straight forward to derive the contributions to the Goldstone boson and vector meson polarization tensors
, where H stands for either a Goldstone boson H = P or a vector meson H = V . We consider here all terms up to order Q 4 in our counting scheme. For a discussion of such a computation in a finite box we refer to [3] , where the various 'tree-level', 'tadpole' and 'bubble' type contributions are specified in terms of the low-energy constants as recalled in (1) . This gives rise to a set of coupled and non-linear mass equations of the following form
where we consider the wave-function factor Z H , in the specific form as suggested in [4, 5] 
With (6) the residuum of the propagator pole is normalized to one always. While the form of the tree-level contributions is given in Tab. III and Eq. 51 of [3] , the tadpole contributions are detailed in Tab. I and Eq. 16 for the vector mesons, and in Tab. IV and Eq. 39 for the Goldstone bosons 1 . The scale dependent tadpole integrals,Ī Q andĪ (2) Q with Q ∈ [8] running over the Goldstone bosons take into account finite volume effects. They can be taken from the previous work [21] . We recall that in the infinite volume limit its holdsĪ
It is left to discuss the vector meson tadpole contributions and the bubble loop contributions, which owing to the Passarino-Veltman reduction, can be expressed in terms of tadpole integrals and the scalar bubble functions I AB with A, B ∈ {P, V }. As proven in [21] this reduction scheme can be generalized to the finite box case. Following the strategy proposed in [4, 5] the scalar bubble function turns regulator scale invariant after a proper renormalization. The key observation is that given the particular renormalization scheme all tadpole integrals involving a vector meson mass can be dropped. This is expected to be justified at least in the chiral domain with m π,K,η M . Here the vector mesons should be considered as heavy fields, which are known to generate power-counting violating contributions in that case. In particular any vector meson tadpole contribution must be dropped as to arrive at a strict realization of counting rules in dimensional regularization. This amounts to a particular renormalization procedure, where it is guaranteed by the Passarino-Veltman reduction that it is in compliance with the chiral Ward identities of QCD.
1 Given the form of the bubble loop function in (8) the renormalized parameters g Given the fact that it is justified to drop contributions from any vector meson tadpole, we can remove the renormalization scale dependence of the scalar bubble functions I AB with A, B ∈ P, V by subtraction terms involving such vector meson tadpoles [3] . Here we provide the final expressions used in the numerical application of our work. For the pseudo-scalar (P) and vector mesons (V) we apply the generic expressions
in terms of the scalar bubble functions ∆I AB ,Ī AB together with a renormalized tadpole integralsÎ R Q that depends on the pseudo-scalar meson mass m Q and the vector meson mass M R . The detailed form of the subtractions in the various terms is provided in [4, 5] . The finite volume parts can be taken from [21] . We note that, while by construction it holds ∆I AB (s = 0) = 0 for any A, B, the subtraction inĪ AB depends on the type of A and B.
The Clebsch coefficients G
(H)
AB in (7) and (8) as given in Tab. II and Tab. V of [3] depend on the coupling constants h 1−3 only. They are computed with respect to bare ω and φ meson states with either only up and down or only strange quark content. The physical ω and φ meson may acquire a more complicated flavour structure. This is a direct consequence of the non-vanishing of the transition polarization tensor Π ωφ (s) = 0 [13, 3] . One may introduce an ω − φ mixing angle by
where the transformed fields ω and φ are the physical fields related to the mass eigenstates. There are different strategies on how to determine the mixing angles. In the ω − φ basis the determination of the ω and φ meson masses requires the consideration of a two dimensional polarization tensor with the off-diagonal elements given by Π ωφ (s). Once the physical ω and φ meson masses are determined one may infer from (9) two mixing angles ω and φ , evaluated at either s = M 2 ω or s = M 2 φ respectively. Equivalent to this procedure is that we introduce the two mixing angles from the beginning and determine their values by the request that Π ω φ (s) vanishes at both the physical ω meson but also at the physical φ meson mass. With this ansatz the two dimensional matrix structure is factorized into its ω and φ components. In our previous work and here we choose the latter approach. Given our one-loop level we argue that then it is justified to approximate the vector meson propagators used inside the one-loop integral by a simple pole term with a pole mass set to its physical value.
We note that there are contributions to Π ω φ (s) from tree-level, tadpole as well as from the bubble term. The latter contribution follows from Π bubble V upon the replacement
in all three sums of (8).
Global fit to meson masses from QCD lattice simulations
We discuss our strategy how to use the QCD lattice data following our previous works [21, 4, 5] . A subset of low-energy constants is fixed by the requirement that the isospin averaged vector meson masses are reproduced as provided by the PDG [22] . In addition we insist on reproducing the empirical ω −φ mixing angle at the φ mass, with | φ | 3.32
• as derived from the decay φ → π 0 γ in [7] . With this we determine the 5 parameters b 1 , b 2 , b 3 , c 1 , e 2 . The products B 0 m, B 0 m s and L 8 + 3 L 7 are set by the request to reproduce the empirical pion, kaon and eta masses. That leaves 11 free parmeters only to be adjusted to the lattice data. They are f, M, c 1 , c 3 , c 4 , c 5 , c 6 ,
To actually perform the fits is a computational challenge. For any set of the low-energy parameters nine coupled non-linear equations are to be solved on each lattice ensemble considered. We apply the evolutionary algorithm of GENEVA 1.9.0-GSI [23] with runs of a population size 1500 on 300 parallel CPU cores.
In our global fit to the QCD lattice data on vector meson masses we consider results from PACS-CS, QCDSF-UKQCD and HSC [14, 15, 16, 17, 18, 19] . To be more precise we use the energy levels as measured on various QCD lattice ensembles in a finite box. This is justified since in our computations we incorporate the finite volume effects systematically. For the considered ensembles the volumes are quite small so that there is typically only one energy level that is relevant. Since we do not consider discretization effects and also have a residual uncertainty in our one-loop chiral extrapolation approach we assign each such energy level a systematical error that is added to its statistical error in quadrature. Our ansatz for the systematical error is asymmetric since the asymptotic determination of an energy level from a correlation function measured on a considered lattice ensemble may sometimes provide an upper estimate for its energy level only. This is so if the statistical error gets large before the true asymptotic exponential tail is reached.
As has been shown by HSC this is particularly troublesome for the ρ and K * for which accurate results may not be reached in terms of interpolating operators with quark and antiquark fields only. Here the additional source functions with four quark field operators may be required. Our chisquare function, χ 2 , assumes a universal but asymmetric systematical error for the vector meson energy levels, where the lower error is chosen twice as large as the upper error. Its size will be chosen to arrive at about χ 2 /N ∼ 1, with N the number of fitted vector meson masses.
In Tab. 1 we collect the values of the low-energy constants according to three scenarios. For each one we set the lattice scales as required by the considered lattice collaborations. We use an ensemble of observable quantities to do so. The empirical vector meson masses from the PDG are reproduced identically in any of our global fits. While in Fit 1 we consider the vector meson masses only, in Fit 2 and Fit 3 constraints from additional lattice data on the pion and kaon decay constants, as provided by HPQCD and CLS [26, 27] , are imposed. This will be detailed in a separate work [28] . Note that for the ensembles of HPQCD and CLS there are rather few values for the vector meson masses available so far [29] . We will return to the meson masses on those ensembles in [28] . The chisquare values collect in Tab. 1 are computed with respect to an asymmetric systematical error of 10 MeV for its upper value in the ρ and K * masses as explained above. From the values in the last eight rows of Tab. 1 we conclude that such additional constraints deteriorate our description of the vector meson masses only slightly. Most of the lowenergy constants are of quite similar size in the three scenarios. Exceptions are g 1 and g 2 . Each of the parameter sets provides a good description of the vector meson masses. With few exceptions our LEC are compatible with estimates from previous studies. Our results for the spatial lattice scales in Tab. 1 are quite compatible with previous studies on the PACS-CS and HSC ensembles. However, this is not so on the QCDSF-UKQCD ensembles. Our values in Tab. 1 are always significantly smaller than previous estimates by QCDSF-UKQCD based mainly on their baryon masses [15, 4] . It would be important to trace the source of this discrepancy.
For any ensemble we take its published pion and kaon masses as input parameters. The set of nine coupled and non-linear mass equations is solved in terms of the two quark masses, B 0 m, B 0 m s , the remaining 5 meson masses, m η , M ρ , M ω , M K * , M φ and the two mixing angles ω and φ . In all our fits we consider the vector meson masses on PACS-CS, QCDSF-UKQCD and HSC ensembles that correspond to m π and m K smaller than 600 MeV [14, 16, 17, 18, 19] . They are compared to the chiral extrapolation results in open symbols, which are always displayed on top of the lattice symbols. We use yellow or grey colour filled symbols for the cases where there is no corresponding lattice point available yet. [15] . They are compared to the chiral extrapolation results in open symbols, which are always displayed on top of the lattice symbols. We use yellow or grey colour filled symbols for the cases where there is no corresponding lattice point available yet.
only. In Fig. 1 and Fig. 2 we show results only for our first scenario in Tab. 1. Let us begin with Fig. 1 where we show the implications of the PACS-CS and HSC ensembles [14, 16, 17, 18, 19] . A fair reproduction of all vector meson energy levels is achieved. The ρ energy levels on the ensembles with the two lightest pion masses are not considered in our chisquare function. In both cases the first unperturbed scattering level at E = 2 m 2 π + (2 π/L) 2 (see dashed lines in the figure) appear well separated from the driving level and therefore we expect our self consistent approach to be applicable.
We find interesting the rich pattern predicted for the two ω − φ mixing angles. A striking dependence on the quark masses is obtained. This is not surprising since in the flavour SU(3) limit both mixing angles must be degenerate and take the value ω = φ −35.26
• , such that the ω turns into a flavour singlet state. The figures show also our results for the quark mass ratio 2 m s /(m u +m d ), which did not enter our chisquare function. Such ratios are not available from HSC, since given their asymmetric lattice set up, with distinct spatial and temporal lattice scales, it would be quite a challenge to derive values for the latter. In contrast, for the two ensembles of PACS-CS such ratios are available and they do match our predictions quite accurately.
We turn to Fig. 2 where ensembles of the QCDSF-UKQCD [15] are scrutinized. Lattice data are available for three distinct volumes taken on 16 3 , 24 3 and 32 3 lattices. The energy levels of the ρ, K * and φ are well reproduced on all three volumes. Again the two ω − φ mixing angles are predicted to receive a striking quark-mass dependence. Quark-mass ratios on those ensembles are not available. We show our predictions nevertheless.
Summary and outlook
In this work we scrutinzed the hadrogenesis conjecture against QCD lattice data on the light vector meson masses. Based on this conjecture a chiral Lagrangian with flavour SU(3) vector meson fields was constructed recently that is expected to describe hadronic physics in the meson sector of QCD below the hadrogensis scale with Λ HG > 2 GeV. We considered the strict isospin limit. A successful reproduction of the meson masses on the PACS-CS, QCDSF-UKQCDand HSC ensembles was achieved at the one-loop level based on uniform sets of low-energy constants. A striking prediction of our analysis are the ω − φ mixing angles and the quark-mass ratios on all considered lattice ensembles. We observe that the mixing angle takes quite different values on the ω and φ mass poles. Our results for the quark-mass ratios match the ones claimed by PACS-CS on their ensembles. For QCDSF-UK and HSC such ratios were not available before.
We will report next on an application of our framework to the pion and kaon decay constants as measured by HPQCD, CLS and ETMC on various QCD ensembles. This brings in only two additional low-energy constants, but a wealth of additional lattice data points. Also, we plan to incorporate the η meson into our approach.
